A extension of Nakajo and Takahashi's modification of Mann's iterative process to the Ishikawa iterative process is given. The strong convergence of a modified Ishikawa iterative scheme to a common fixed point of a finite family of Lipschitz pseudocontractive self-mappings on a closed convex subset of a Hilbert space is proved. Our theorem extends several known results.
Introduction
Let C be a closed convex subset of a Hilbert space H . A mapping T : C → C (see e.g. [1] ) is said to be pseudocontractive if
The mapping T : C → C is said to be strictly pseudocontractive if there exists a constant 0 ≤ k < 1 such that
T is said to be a nonexpansive mapping if T x − T y ≤ x − y , for all x, y ∈ C.
It is obvious that all nonexpansive mappings and strictly pseudocontractive mappings are pseudocontractive mappings but the converse does not hold.
In 1974, Ishikawa [5] introduced a new iterative scheme and proved the following theorem.
Theorem 1.1. Let H be a real Hilbert space, C be a compact convex subset of H and T : C → C be a Lipschitz pseudocontractive mapping. Suppose: {α n } and {β n } are two positive sequences in [0, 1] such that for all n ≥ 1, 0 ≤ α n ≤ β n ≤ 1, β n → 0 (n → ∞) and ∞ n=1 α n β n = ∞. The sequence {x n } defined by
where the initial point x 1 ∈ C is arbitrary, then {x n } converges strongly to u ∈ F(T ).
Since the publication of Theorem 1.1 in 1974, it had remained an open question whether or not the Mann recursion formula [3] , which is clearly simpler than the Ishikawa iterative scheme, converges under the setting of Theorem 1.1 to a fixed point of T if the operator T is pseudocontractive and continuous (or even Lipschitz). The problem for Lipschitz pseudocontractive mappings was resolved in 2001 in the negative by Chidume and Mutangadura [4] . They constructed a Lipschitz pseudocontractive mapping on a compact convex subset of a Hilbert space with a fixed point and showed that no Mann iterative scheme converges to the fixed point.
Recently, Martinez-Yanes and Xu [7] extended the results of Nakajo and Takahashi [8] from the modified Mann's iterative process to the Ishikawa iterative process. In fact, Martinez-Yanes and Xu proved the following theorem: Theorem 1.2. Let C be a closed convex subset of a Hilbert space H and let T : C → C be a nonexpansive mapping such that Fix(T ) = ∅. Assume that {α n } ∞ n=0 and {β n } ∞ n=0 are sequences in [0, 1] such that β n ≥ δ for some δ ∈ (0, 1] and α n → 0. Define a sequence {x n } ∞ n=0 in C by the algorithm:
The aim of this paper is to introduce a new iterative scheme (a modification of Ishikawa iterative process) and prove strong convergence of the scheme to a common fixed point of a finite family of Lipschitz pseudocontractive self-mappings defined on a closed convex subset of a Hilbert space. Our theorem extends the corresponding results of Nakajo and Takahashi [8] ; and several other results recently announced (see e.g. [5] [6] [7] [8] [9] and references therein) to approximation of a common fixed point of a finite family of Lipschitz pseudocontractive self-mappings. Furthermore, the open problems posed in [9] are resolved.
Preliminaries
The following notions should be used in the sequel: (1) for weak convergence and → for strong convergence. (2) ω(x n ) = {x : ∃ x n j x} denotes the weak ω-limit set of {x n }. F(T ) denotes the set of all fixed points of mapping T : A → A, where A ⊂ H . (3) Given a closed convex subset K of real Hilbert space H , P K denotes the nearest point projection from H onto K , that is, P K x is the unique point in K with the property x − P K x ≤ x − y , for all y ∈ K .
We shall also need the following Lemmas which hold in Hilbert spaces (see e.g. [7] ).
Lemma 2.1. Let H be a real Hilbert space. There hold the following identities.
(iv) If C ⊂ H is a closed convex subset and x, y, z ∈ H , then for a given real number a ∈ R, the set
Lemma 2.2. Let C be a closed convex subset of H. Let {x n } be a sequence in H and u ∈ H . Let q = P C u. Suppose {x n } is such that ω(x n ) ⊂ C and satisfies the condition x n − u ≤ u − q for all n.
Then x n → q.
Lemma 2.3. Let K be a closed convex subset of the real Hilbert space H . Given x ∈ H and z ∈ K , then z = P K x if and only if there holds the relation
Proposition 2.1. Let H be a real Hilbert space, C a closed convex subset of H and T : C → C a continuous pseudocontractive mapping, then
(ii) I −T is demiclosed at zero, i.e., if {x n } is a sequence in C such that x n z and
Proof. Define a mapping g :
From the Corollary 1 in [2] , it follows that C ⊂ (2I − T )C and g is well-defined. Indeed, for any y ∈ C, define mapping A :
It is obvious that g is nonexpansive and F(g) = F(T ). By the closedness and the convexity of F(g), we have that F(T ) is a closed convex subset of C. That is (i) holds.
Suppose that {x n } is a sequence in C such that x n z and (I − T )x n → 0. Let
By Lemma 2.1(iii), the weak convergence x n x implies that f (x) = f (z) + x − z 2 , for all x ∈ H . In particular,
On the other hand, since C ⊂ (2I − T )C and T is a self-mapping, we have that
Therefore, g(z) = z and T z = z. That is (ii) holds.
Main result
Theorem 3.1. Let H be a real Hilbert space and C a nonempty closed convex subset of H . Let {T i } N i=1 be N Lipschitz pseudocontractive self-mappings of C with constants L i (i = 1, . . . , N ) such that the common fixed point set F = N i=1 F(T i ) = ∅. Let x 1 ∈ C be any point and {x n } ∞ n=1 be the sequence generated by the following modified Ishikawa iterative process:
Assume that {α n } ∞ n=1 and {β n } ∞ n=1 are sequences of positive numbers satisfying the following conditions: for all n,
Then {x n } converges strongly to P F (x 1 ), where L = max{L i :
Proof. It is obvious that Q n is a closed convex subset of C. By Lemma 2.1(iv), C n is a closed convex subset of C. Then C n ∩ Q n is closed convex and {x n } is well-defined for all n ≥ 1. Also by the Proposition 2.1(i), F is closed and convex. Now we show that F ⊂ C n ∩ Q n for all n ≥ 1. Take any p ∈ F, from the definition of pseudocontractive mapping, the modified Ishikawa iterative process and Lemma 2.1(ii), we have
where L = max{L i : 1 ≤ i ≤ N } and
By the Eqs. (1)- (3), we have that
From the condition, we have β n (β n − α n ) ≤ 0. Hence
This implies that p ∈ C n and F ⊂ C n , for all n ≥ 0. Next we show that F ⊂ Q n , for all n ≥ 1, by induction. For n = 1, we have F ⊂ C = Q 1 . Assume that F ⊂ Q n for some n > 1. Since x n+1 = P C n ∩Q n (x 1 ), by Lemma we have
By the definition of Q n+1 , we know that z ∈ Q n+1 , and hence C n ∩ Q n ⊂ Q n+1 . The induction assumption implies that F ⊂ C n ∩ Q n , and then F ⊂ Q n+1 . Hence F ⊂ C n ∩ Q n for all n ≥ 1.
Since x n+1 = P C n ∩Q n (x 1 ) and F ⊂ C n ∩ Q n , we have that
In particular,
This implies that {x n } is bounded, hence {y n } and {z n } are bounded too. The fact that x n+1 ∈ C n ∩ Q n ⊂ Q n implies that
It follows that lim n→∞ x n − x 1 exists and lim n→∞ x n+1 − x n = 0. By the fact x n+1 ∈ C n , we get
Hence,
From the conditions (i)-(iii), it follows that
This means that
Claim: ω(x n ) ⊂ F. Indeed, assumex ∈ ω(x n ) and x n i x for some subsequence x n i of x n . We may further assume n i = l (mod N ) for all i. By lim n→∞ x n+1 − x n = 0, we have lim n→∞ x n+ j − x n = 0 for all j ∈ {1, 2, . . . , N }. From Eq. (4), we deduce that
Then it follows from Proposition 2.1(ii) thatx ∈ F(T l+ j ) for all j ∈ {1, 2, . . . , N }. Since for any j 0 ∈ {1, 2, . . . , N }, there exists a j such that l + j = j 0 (mod N ), we have thatx ∈ F(T j 0 ) (∀ j 0 ∈ {1, 2, . . . , N }), i.e.,x ∈ F. Therefore, by Lemma 2.2, we have that {x n } defined by the modified Ishikawa iterative process converges strongly to P F (x 1 ).
Remark 3.1. Observe that in Theorem 3.1, the compactness condition imposed on C in Theorem 1.1 is dispensed with. So, our theorem extends and generalizes Theorem 1.1 of Ishikawa to a closed and convex subset of a Hilbert space and from one self-mapping to a family of self-mappings. Furthermore, our theorem extends Theorem 1.2 of [7] from a nonexpansive mapping to a family of Lipschitz pseudocontractive mappings and Theorem 5.2 of [6] from a finite family of strictly pseudocontractive mappings to a finite family of Lipschitz pseudocontractive mappings. Our theorem also extends the corresponding results of [8, 9] ; and resolves the interesting open problems posed in [9] .
